Starting from an intuitive picture of photons bouncing back and forth within a slab of a uniform medium surrounded by photonic crystal (PC) layers, we develop a coupled mode formalism for the analysis of a PC waveguide. The modal solution in the core is given by counter-propagating waves while the cladding field is derived from a modified coupled mode formalism. This coupled mode approach is used to analyze the dispersion and loss of the PC waveguide. Although coupled mode theory is usually applied to structures with a small index contrast perturbation, we find that our coupled mode formalism with an empirical coupling constant can be used to model a large index contrast PC waveguide. A single constant is used to analyze the dispersion and the loss of a two dimensional PC waveguide, a GaAs substrate with air holes. Our results are corroborated with a two dimensional finite-difference time-domain (FDTD) simulation and we find good quantitative agreement between the coupled mode theory and the FDTD analysis.
INTRODUCTION
Photonic crystal waveguides have received much attention as a promising candidate for compact integrated planar lightwave circuits. [1] [2] [3] [4] However, the analysis and design of these waveguides is performed through the timeconsuming process of numerically solving Maxwell's equations. These methods generally fall into two categories, the finite difference time domain 5 (FDTD) and plane wave expansion methods.
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The FDTD method is relatively easy to implement, but is computationally intensive while the plane wave method is restricted to purely periodic structures. Both methods are valuable tools in the study of photonic crystal structures, but the numerical analysis can be time consuming and the numerical approaches give little physical intuition.
By using coupled mode theory, we can obtain an analytic model of the field propagtaion. 9 This approach is based on an intuitive picture of a photon bouncing back and forth between two photonic crystal layers. The mode in the core is assumed to consist of counter propagating waves and the modes in the cladding are given by coupled mode equations. Solving these equations results in the full transverse field distribution as well as the dispersion and propagation loss. By comparing to 2D FDTD simulations, we see that there exists a regime when the coupled mode formalism is valid and can provide quantitatively accurate results. Thus we can gain greater intuitive understanding that can help us in predicting the properties of photonic crystal waveguides.
COUPLED MODE THEORY
The two dimensional geometry analyzed is shown in Fig. 1 . The photons are confined in the waveguide core by the Bragg reflection off the 2D grating. Under the condition of small index perturbation, the solution satisfies the Helmholtz equation
We assume the guided modes take the form of forward and backward propagating plane waves in the transverse direction and the propagation constant is allowed to be complex, β = β R + iβ I , in order to describe the propagation loss.
where 
where ab is the area of the unit cell. We also make the following definitions:
where we have defined k 0 = √¯ ω/c. With these definitions, and similar manipulations for B(x), we get the coupled mode equations in matrix form
where ∆k ≡ k R − k. Solving this set of equations results in
where
A ( In the homogenous core with κ = 0, this reduces to
At the interface between the core and cladding, we require that the field and its derivative be continuous. Using the notation shown in Fig. 2 , we get the following relation 
where k 0 is k R from Eq. 3 in the core, and k 1 is the corresponding transverse k vector in the cladding, k b . From Eqs. 10, 12, and 13, we can construct a matrix relation for the field at the boundary, A 2 and B 2 , in relation to the field in the core, A 0 and B 0 .
where M 0 is the matrix from Eq. 12, M 1 is the matrix from Eq. 10, and M 10 is the interface matrix from Eq. 13. The boundary condition is obtained by observing that the incoming field at the outer boundary, A 2 in Fig. 2 , should be zero and by taking advantage of the symmetry of the waveguide along the z axis. The waveguide modes can then be divided into even and odd modes where A 0 (0) = B 0 (0) for the even mode and A 0 (0) = −B 0 (0) for the odd mode. The matrix T is a function of the complex β. For a mode with a given symmetry, its complex propagation constant β is given by the condition of A 2 = 0.
After obtaining the complex propagation constant, the transverse field distribution is given by The n = 0 layer corresponds to the core The n = 1 layer is the cladding with thickness L. The A2 and B2 represent the field beyond the finite cladding layer. B2 is the field leakage from the waveguide and accounts for the waveguide loss. A2 is set to be zero since there should be no incoming field incident on the cladding.
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PHOTONIC CRYSTAL WAVEGUIDE ANALYSIS
In this section we apply the coupled mode formalism to analyze the dispersion, loss and field distribution of guided modes in a triangular lattice PC waveguide. For the PC waveguide shown in Fig. 3 , according to Eq. 4 and Eq. 8 we have,
We see that the most significant contribution should result when the forward and backward propagating modes are phase-matched (l = 2, m = 0) so we choose to ignore all terms except ∆ 20 . Using Eq. 5 and 23 and assuming that the holes are small, A hole A cell , and restricting ourselves to the first order Bragg resonance which produces the strongest reflection, |k b | ∼ |k 0 |, we then get
The assumptions leading to Eq. 24 can be applied when the index contrast is small. Typically, an index perturbation of the order of ∆n ∼ 0.01 − 0.001 is necessary for the coupled mode theory to be valid. However, we will apply it to the structure shown in Fig. 3 consisting of a GaAs substrate with air holes, ∆n ∼ 2.6. The triangular lattice is chosen so that r = 0.15a and b = √ 3a. The small hole radius is chosen so that the guiding in the waveguide core is not due to total-internal-reflection. 11, 12 As a consequence, although we are looking for modes of a photonic crystal waveguide, there is no photonic band gap.
For the 2D FDTD, the computational domain is shown by the shaded region in Fig. 3 . The boundary conditions consist of a perfectly matched layer 13 (PML) at x = L + W/2, even symmetry at x = 0, and the Bloch boundary condition such that E(z = a) = E(z = 0)exp(iβa). The eletric field component out of the plane, E y , corresponding to a TM mode is used for comparison with the scalar field from the coupled mode formalism.
We will only consider the lowest order even mode and analyze the case of a waveguide core equal to W = b/4.
9 Solving Eq. 14 using the coupling constant given by Eq. 24 yields the dispersion shown in Fig. 4 for a waveguide with 10 layers of cladding, L = 10b. The dispersion calculated by the 2D FDTD method is also shown for comparison. We find that the dispersion is not very sensitive to changes in κ, and thus the coupled mode approach shows good quantitative agreement with the FDTD. However, the propagation loss is highly dependent on κ. Although there is good qualitative agreement, the loss differs quantitatively. By Cladding widths of 5, 10, and 20 layers were simulated using 2D FDTD. The loss was calculated from the Q using Eq. 27. The loss was also predicted using coupled mode theory (CMT) from the imaginary part of the complex propagation constant using the same empirical coupling constant, κ f it , for all three waveguides.
using an empirical coupling constant, κ, we are able to obtain good quantitative agreement. In this case, the theoretical coupling constant was |κ theory | = 0.0708 whereas the empirical coupling constant was estimated to be |κ fit | = 0.00452. Although the difference is significant, around 30%, this single empirical constant is sufficient to describe quantitatively the loss for almost all the guided modes along the dispersion curve. Thus we see that the coupled mode formalism is powerful enough to describe the behavior of the photonic crystal waveguide even for large index contrasts by using an empirical coupling consant implying that the only correction needed is in Eq. 24 and using a more exact form for Eq. 8 could lead to better quantitative predictions.
The usefulness of the coupled mode theory becomes more apparent when we consider the propagation loss of the waveguide. We can extract the propagation loss from the FDTD simulation as follows. Substituting a complex β in Eq. 2, we have
From our FDTD simulations, we compute a Q defined as
where E 0 represents the stored energy and ∆P = ∆E/∆t is the power dissipation. By assuming low loss, we can approximate the exponential exp(−αz) ∼ 1 − αz and get an expression for α.
where we have chosen to let L/∆t be the group velocity, v g = (dβ/dω) −1 . The propagation loss for three waveguides with cladding thicknesses of 5, 10, and 20 unit cells is shown in Fig. 5 . Each waveguide consists of the same GaAs/air photonic crystal cladding and only differ in the cladding thicknesses. The same empirical coupling constant was used to calculate the loss for all three waveguides. For small propagation constants, the coupled mode prediction agrees very closely to the 2D FDTD simulations. The deviation when βa > 0.5π is due to the fact that at higher β values, the approximation |k 0 | ∼ |k b | is no longer valid and the higher order Bragg reflections, which we have ignored, become important.
The normalized transverse mode profiles, E(x)/E(0), from the coupled mode theory as well as the 2D FDTD simulations are shown in Fig. 6 for the three waveguides with cladding thicknesses of 5, 10, and 20 unit cells. The propagation constant for each of the waveguides was chosen to be βa/π = 1/8. Again, we see that with the empirical κ, the coupled mode approach matches the FDTD results quite closely. Thus, we see that the intuitive model used to analyze the photonic crystal waveguide is indeed useful and gives very good prediction about the modal field distribution.
CONCLUSIONS
A coupled mode formalism was used to analyze a GaAs susbstrate, air hole photonic crystal waveguide. Although coupled mode theory is, strictly speaking, valid for small index contrasts, from Fig. 4 and 6 , we see that the coupled mode theory is indeed capable of describing the behavior of the photonic crystal waveguide even when the index contrast is many orders of magnitude greater than normally required for the coupled mode theory to be valid. A single empirical coupling constant is able to predict the dispersion, loss, and transverse field distribution for waveguides with different cladding thicknesses.
